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The nonlinear Schrödinger equation (NLS) is a kind of important nonlinear evolution
equation. It has important applications in plasma physics, nonlinear optics, superconductor,
and has been investigated in many ways. These investigations are focused on the develop-
ment of numerical methods, most of which are the finite difference and finite element meth-
ods [1–4]. A few works have been done on the Fourier spectral method and pseudo-spectral
method to solve the NLS equation with periodic boundary by many authors [5]. However,
there is a need to consider the non-periodic problem. Our goal is to develop the finite differ-
ence in time and spectral approximation in space for the NLS equation with Dirichlet bound-
ary. Since the Fourier spectral method is no longer suitable for the non-periodic problem, we
turn to the Legendre spectral method.
Precisely, we consider the initial- and Dirichlet boundary-value problem for a class of
the NLS equation with power nonlinear term. The presence of the nonlinear term makes the
construction of the conservative scheme difficult. Based on second-order implicit difference
scheme in time and Legendre spectral element method in space, we develop an conservative
and efficient scheme to the NLS equation. For the semi-discrete approximation, we prove the
conservative properties and give the L2 error estimate. For the full-discrete approximation,
we study the existence and uniqueness of the solution by using the fixed-point theory, and
prove the L2 error bound of optimal order of accuracy. Finally, some numerical experiments
are performed to support our theoretical claims.









































i∂tu+∂ 2x u+λ f (|u|2)u = 0, (x, t) ∈ (−∞,+∞)× (0,T ], (1-1)
其中i =
√










































记I = (a,b)为一开区间，对任意1 ≤ p ≤ ∞,定义









, 1 ≤ p < ∞,
esssup
x∈I
|v(x)|, p = ∞.








Hm(I) = {v; ∂ kx v ∈ L2(I), 0 ≤ k ≤ m},
并赋予下列的半范和范数










i∂tu+∂ 2x u+λ f (|u|2)u = 0, (x, t) ∈ (−∞,+∞)× (0,T ],




















































本文采用第一种方法，即将问题(2-1)转化为x ∈ I = [a,b]上的初边值问题。其
中a,b的选取取决于u的衰减情况。
在x = a,x = b上设置齐次Dirichlet边界，考虑如下初边值问题：
i∂tu+∂ 2x u+λ f (|u|2)u = 0, (x, t) ∈ (a,b)× (0,T ],
u(x,0) = u0(x), x ∈ (a,b),
u(a, t) = u(b, t) = 0, t ∈ (0,T ].
(2-5)
易验证问题(2-5)也满足守恒律(2-2)(2-3)，如果∂x(a, t) = ∂y(b, t) = 0，那么(2-4)也
满足。本文尝试构造出逼近(2-5)的半离散和全离散格式，使离散解也满足一定的能量
守恒性。
问题(2-5)的弱形式为：对给定的u0 ∈H10 (I)，求u(t)∈H1(0,T ;H10 (I))，使得u(x,0) =
u0(x)，且成立：





























v̂kLk(x)，那么PN为L2(Λ) → PN(Λ) 的正交投影算子，满足：∀v ∈
L2(Λ), PNv ∈ PN(Λ)使得
(PNv,ϕ) = (v,ϕ), ∀ϕ ∈ PN(Λ).
为了应用谱元法，将区间I = (a,b)剖分为K个子区间Ik，k = 1, · · · , K，这里Ik =
(ak−1,ak)，a0 = a，aK = b，I =
⋃K
k=1 Ik。令hk = ak−ak−1，h = max1≤k≤K
hk。定义如下分片
多项式空间：








(PkNv,ϕ) = (v,ϕ), ∀ϕ ∈ PN(Ik).





0 (I)→V0N为H10 (I)-正交投影算子，定义为：∀v ∈ H10 (I), P01,Nv ∈V0N使得















引理 3.2：对任意的m ≥ 1，v ∈ H10 (I)∩Hm(I)，有
‖v−P01,Nv‖s . hmin{N+1,m}−sNs−m‖v‖m, s = 0,1. (3-1)













PkN−1(∂yv(y))dy+ v(ak−1), x ∈ Ik.
可以证明
φ
k(ak) = φ k+1(ak), k = 1,2, · · · ,K−1,
那么
φ ∈V0N , (φ − v)|Ik ∈ H
1







































设η ∈ H10 (I)为下述问题的唯一解:
(∂xη ,∂xϕ) = (g,ϕ), ∀ϕ ∈ H10 (I),
则由椭圆型方程的理论，有‖η‖2 . ‖g‖，且
(v−P01,Nv,g) = (∂xv−∂xP01,Nv,∂xη).
由算子P01,N的定义，∀ ηN ∈V0N ,
(v−P01,Nv,g) = (∂xv−∂xP01,Nv,∂x(η −ηN))













q )‖ϕ‖Lp, ∀ϕ ∈ PN(Λ).
引理3.3容易推广到分片多项式情形：









q )‖ϕ‖Lp, ∀ϕ ∈ PN,K.








































































































































问题(2-5)的半离散逼近如下：对u0 ∈ H10 (I)，求u(t) ∈ H1(0,T ;V0N)，使得：∀t ∈
(0,T ]，有：
i(∂tuN ,ϕN)− (∂xuN ,∂xϕN)+λ ( f (|uN |2)uN ,ϕN) = 0, ∀ϕN ∈V0N ,
uN(x,0) = u0N(x),
(3-4)































其中t ∈ (0,T ]。
证明：在(3-4)中取ϕ = uN，













‖uN(t)‖2p+2L2p+2) = 0，即(3-6)成立。 
从上面两个守恒性质及u0 ∈ H10 (I)，容易得到uN(t) ∈ H10 (I), ∀t ∈ (0,T ]，
由Sobolev空间嵌入定理 [20]知：H10 ↪→ Lp, 2 ≤ p ≤ ∞，从而‖uN(t)‖∞ < ∞。因此(3-4)存
在有唯一解。
下面给出半离散解的误差估计。
定理 3.2：设u0 ∈ H10 (I)， 且 问 题(2-1)的 解u ∈ L∞(0,T ;Hm(I) ∩ H10 (I))， ∂tu ∈
L2(0,T ;Hm(I))，m ≥ 1，那么∀t ∈ (0,T ]，半离散格式(3-4)的解uN(t)满足：
‖u(t)−uN(t)‖. hmin{N+1,m}N−m(‖u‖L∞(0,T ;Hm(I)) +‖∂tu‖L2(0,T ;Hm(I))). (3-7)
证明：记e = u− uN，e1 = u−P01,Nu，e2 = P01,Nu− uN，则e = e1 + e2，且由P01,N的定义
知：
(∂xe1,∂xe2) = 0. (3-8)
并且引入记号 f ∗(u) = f (|u|2)。
在(2-6)中，取ϕ = ϕN ∈V0N，将所得方程与(3-4)相减，得：
i(∂tu−∂tuN ,ϕN)− (∂xu−∂xuN ,∂xϕN)+λ ( f ∗(u)u− f ∗(uN)uN ,ϕN) = 0,
即
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